Lecture 17

e Electric conduction
e Electrons’ motion in magnetic field
e Electrons’ thermal conductivity

Brief review

In solid state physics, we do not think about electrons zipping around randomly in real space. This is
because if we define electrons as plane waves characterized by a momentum state 1,b~e“"r. When
described in momentum space these electrons form an organized structure called a Fermi sphere, which
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is a sphere in k-space divided into tiny ‘boxes’ of dimension (Tn) which can each hold one spin up and
one spin down electron. Only electrons very close to the boundary of the sphere do anything—all the
others are inert (in contrast to the real-space picture where all valence electrons contribute to metallic
conduction). The electrons close to the boundary have
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(energy): € = €p =
(momentum): k = kg
(velocity) v = vy = hkp/m

For this lecture, we will not explicitly use this formalism very much, and will revert to a more classical
picture of electric conduction. The most important part of this portion of the textbook are the concepts
and language, which are used in modern solid state physics research, but a more rigorous description of
electrical conduction, in terms of the Fermi sphere construction, will be left to a later course.

Electrical conductivity (semi-classical treatment)

The Fermi sphere structure of electrons in a metal, with a hierarchy of energy states, provides a much
more organized way of understanding electrical conduction than the real-space picture of electrons
haphazardly zipping around and bumping into things.

The momentum of a free electron is related to its wavevector by
mv = hk

In an electric field R and magnetic field B, the force on an electron (charge e) is given by:
1
F=m—= —t=—e(E+Ev><B)

We set B=0 for now.

In the absence of collisions, the Fermi sphere will be accelerated by an electric field as a unit. If a force
F=-eE is applied at t=0 to an electron gas, an electron with initial wavevector k(0) will end up at a final
wavevector k(t)

k(t) — k(0) = —eEt/h



This statement applies to every electron in the Fermi sea without regards to the specific momentum or
energy that electron has, so a Fermi sphere centered at k=0 at t=0 will have its center displaced by

5k = —eEt/h

This also corresponds to a velocity kick v = Adk/m (found by replacing derivatives in equation of
motion by infinitesimal changes 8k and 6v)
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The Fermi sphere does not accelerate indefinitely, because electrons eventually do scatter with lattice

imperfections, impurities, or phonons. This characteristic scattering time is called 7, which gives a

‘steady state’ value of 6k = — ihf =mév/h

Thus, the incremental velocity imparted to electrons by the applied electric field is dv = % = —eEt/m

If in a steady electric field, there are n electrons per unit volume, the current density (j) is given by
j =nedv = ne?tE/m

This is a generalized version of Ohm’s law, because j is related to the current |, and electric field is
related to a voltage or potential difference.

2

ne-t

The electrical conductivity is defined by o =

And the resistivity (p) is defined as the inverse of conductivity
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Resistivity is related to resistance (R) via a materials geometry, so resistivity is considered to be a more
fundamental quantity because it does not depend on geometry
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Where £ is the length of the specimen, and A is the cross sectional area.

What is the physical origin of a finite 7?



The derivation above stipulates that electrons scatter—bump into something and lose their momentum

information—every interval 7, which in real materials tends to be on the order of 10~1*

temperature.

s, depending on

e At room temperature, phonons provide the primary scattering mechanism for electrons. To be
clear, a perfect lattice will not scatter electrons and will not contribute to resistivity, but at
higher temperature, a crystal lattice becomes increasingly ‘imperfect’ (because of increased
atomic vibrations) which allows increased scattering off the lattice. Or, if one views phonons as
emergent particles with a certain energy and momentum, electrons scatter off these ‘particles’
such that the total energy and momentum is conserved. This type of scattering happens every
time interval t;, which depends on temperature

e At cryogenic temperature, electrons primarily scatter off impurities and other permanent
defects in the crystalline lattice. This type of scattering happens every time interval 7;, and is
independent of temperature.

The scattering frequency (inverse of scattering time) is given by adding up scattering frequencies from
each contribution:
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This also implies that the contribution to resistivity from each type of scattering adds up linearly
p=pLtp

Example: A copper sample has a residual resistivity (resistivity in the limit of T=0) of 1.7e-2 uQ cm. Find
the impurity concentration.

Solution:

At zero temperature, only impurities contribute to resistivity
p =m/ne’t

Solve for 7.

n is the electron concentration, and copper has 1 valence electron per atom. Copper forms an FCC

structure (4 atoms per cubic cell) with a unit cell dimension of 3.61e-10m. Thus, n = 8.5x10%8m™3

to solve for 7, first change the units of p. p = 1.7 x 1071°Qm

=246 X 107125

T =
ne?p

This can be used to solve for an average distance (£) between collisions using
£ =vpT

where vy is the Fermi velocity

—(h) 3N 1/3—16x106
Vp = - v =1. m/s



£ =39um

Thus, given the T=0 resistivity of this specimen, the average spacing between impurities is 3.9um which

(3.9x107°)

— = 12,341 unit cells before encountering an
(3.61x10~10)

means an electron would travel on average

impurity
Electrons’ motion in a magnetic field

In an electric field R and magnetic field B, the force on an electron (charge e) is given by:
1
F=m—= —t=—e(E+Ev><B)

Again, we consider displacing the Fermi sphere by a momentum &k such that
mv = hék
Where v is the incremental velocity kick that all electrons get.

We express acceleration in a slightly different way than we did previously to write expressions for
motion in electric and magnetic field applied simultaneously (previously, we dropped the first term on
the left because in the steady state, time derivatives are zero, but this notation is being introduced
because it is needed to study time-varying fields, like in your homework):
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A special case of this problem arises when the magnetic field is applied along the z axis (B = BZ):
(d N 1) B Eo4 Bv,
m dt T UX - e( X c )
(d 4 1) E Bv,
m|—+-)v, = —e -—
dt /7Y (Ey c )
(d + 1) E, +0
m|—+-)v,=—e
dt T z ( zZ )
In steady state, the time derivatives are zero, so the first terms on the left side disappear. These
equations then become:
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Where w, = ;—i is the cyclotron frequency. The cyclotron frequency describes the frequency of

electrons’ circular motion in a perpendicular magnetic field. It is notable independent of the electron’s
velocity or the spatial size of the circular orbit, and it only depends on a particle’s charge-to-mass ratio.



Hall effect

The hall effect refers to a transverse voltage that develops when a current flows across a sample at the
same time that a magnetic field is applied in the perpendicular direction. It is a very important
characterization tool for assessing the number of charge carriers and their charge.

In general, the transverse electric field will be in the direction j X B, and customarily, the current (j)
direction is set perpendicular to the magnetic field direction.

We consider a specific case where B = BZand j = jX

When electrons flow with a velocity v, perpendicular to the direction of the magnetic field, they will feel
a force in the v X B direction, which is in the -y direction. Thus, there will be an accumulation of
negative charges on the —y side of the sample, leading to an electric field in the —y direction. Note that
this electric field will tend to deflect directions in the opposite direction from the magnetic field, so a
steady state situation is reached where the Lorentz force from the magnetic field perfectly balances the
force from the electric field.

To write this more quantitatively:

Use: vy, = — %Ey + w,Tvy and set v, = 0 to reflect the steady state situation when there is no more y-
deflection
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A note about signs:

Electric current is defined as the flow of positive charges, so the electron velocity is in the opposite
direction to the current (in this case, -x) [thus, v X B = vBYy |

The negative sign is explicitly included in the definition of force (that an electron feels in a perpendicular
magnetic field), so electrons will accelerate to the —y side of the sample

The direction of the electric field is defined as the direction of the force that a positive test charge will
feel, so electric field direction always points from positive to negative charges (towards —y in this case)



A hall coefficient is defined as

RH = —y
JxB
; 21E B
Use j, = nen: “and E,, = —em—TEx to evaluate
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The two free parameters here are n (the electron concentration) and the sign of e. In some metals, the
dominant charge carriers are electrons, and in other metals, it is the voids left behind by electrons,
which are called holes (and are mathematically equivalent to positrons, physical particles which are
positively charged electrons. The sign of the hall coefficient distinguishes between those two cases.
Additionally, the number of mobile charge carriers in a metal might be different from the number of
valence electrons you think you have, and hall coefficient measurements can detect that too. In some
carriers, both electrons and holes can be charge carriers, each with different densities, and in those
cases, interpretation of the hall coefficient can be tricky.

Thermal conductivity of metals

In Ch5 we considered the thermal conductivity if heat could only be carried by phonons. In metals, heat
can be carried by electrons too.

For phonons, thermal conductivity is given by K = %Cvﬁ and we can identify analogous quantities for

metals.

For phonons, v is the sound velocity—the group velocity that acoustic phonons follow. For electrons,
the equivalent quantity is the Fermi velocity (v;)—the group velocity of electrons at the Fermi energy
(most electrons in a metal are inert, except for those that happen to have energy within ~kzT of the
Fermi energy.

C is the heat capacity per unit volume, and earlier in this chapter we calculated heat capacity for
electrons

1
Cel = ET[ZNkBT/TF
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This is the total heat capacity, and we need to divide by a factor of V to get the heat capacity per volume

m?nk3T
 omv?

Plugging this in to the expression for the thermal conductivity coefficient:
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Compare this to the phonon thermal conductivity at low temperature (when £ does not depend on
temperature)

4t T\?
Kph = Tnprimitive celiskp (5) Vs

And the phonon thermal conductivity at high temperature when C does not depend on T, but £ « ~1/T

Kph X Nyrimitive celtskpVs/T

Or the high-temperature phonon thermal conductivity in the “dirty limit” when impurities set £ (average
impurity distance is given the symbol D), rather than phonon-phonon scattering setting ¢

Kph = 3nprimitive cetiskgD

We can further express the electronic thermal conductivity in terms of the mean scattering time 7 =
t/vp
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It turns out that in pure/clean metals, electrons are more effective at transporting heat than phonons,
but in metals with many impurities, the two types of thermal conductivity are comparable.

Ktotal = Kelectron + Kphonon

Wiedemann-Franz law

Since the same electrons carry both electric current and heat, there is an expected ratio between
thermal conductivity and electrical conductivity:

K m?kiTnt/3m n? (k3>2 .

o ne’r/m = 3 \e
Interestingly, materials’ dependent parameters such as 7, n, and m drop out of this ratio.
The Lorentz number L is defined as

K n?

L=—= (k—B)Z =245 x 10 8Watt Q/K2
oT 3 \e '

Most simple metals have values of L roughly in this range (see table 6.5 in textbook)

The Wiedemann-Franz law is a very useful metric in contemporary research for assessing how much an
exotic material behaves like a ‘simple’ or ‘textbook’ metal which is expected to follow W-F law.
Deviation from W-F law in temperature regimes where it should apply are used as evidence that a given
material has ‘abnormal’ behavior.

Example: thermoelectrics



Thermoelectrics are materials that can convert waste heat into electricity (and vis versa: use a voltage to
affect a temperature change), and they are defined by a figure of merit ZT. The larger ZT, the better, but
most of the best thermoelectrics have ZT~1-2.

7T = 0S2T
K

Where S is the Seebeck coefficient. This is a materials property which describes the degree to which a
temperature gradient produces an electric potential: S = —AV /AT

o is the electrical conductivity and K is the thermal conductivity. According to the equation above, one
can increase ZT for a given material (fixed S) by increasing ¢ or decreasing K.

But as we learned in the previous section, electrons carry both charge and heat, and there is a specific
ratio between the two, so there is no way to simultaneously raise one and lower the other.

A trick that people often employ is manipulating the phonon thermal conductivity.

Ktatal = Kelectron + Kphonon

For example, by creating nanostructured materials (small D; phonons scatter off the boundaries and
have difficulty conducting heat), people can suppress the phonon contribution to thermal conductivity

Kph = 3nprimitive celiskgD

Without hurting electrical conductivity too much.

The other option to make a small D determine phonon thermal conductivity is to put in a bunch of
impurities, but that can negatively affect electrical conductivity (by producing a small ) and degrade the
figure of merit.



